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Introduction
Multi-axis CNC machine tools are typical mechatronic devices with high added value and a wide range of applications. Achieving a high machining accuracy is adamant to ensure a high quality and performance of the machined mechanical product and the machining accuracy is therefore an important consideration for any manufacturer [30] . Machining accuracy is influenced by machining errors belonging to several categories, e.g. kinematics errors, thermal errors, cutting force induced errors, servo errors and tool wear [3] . It is influenced by a variety of machining errors which can be divided into several categories, e.g., kinematics errors, thermal errors, errors induced by the cutting force, servo errors and tool wear [3] . Among these different error sources, the geometric error of the machine tool components and structures is one of the biggest sources of inaccuracy, accounting for about 40% of all errors. Therefore, methods for improving the machining accuracy of CNC machine tools have become a hot topic recently.
Volumetric error model
In order to improve the machining accuracy of CNC machine tools, the theoretical modeling of errors is crucial to maximize the performance of these machine tools [4] . Error modeling can provide a systematic and suitable way to establish the error model for a given CNC machine tool. In recent years, many studies have focused on modeling multi-axis machine tools to determine the resultant error of individual components in relation to the set-point deviation of the tool and the workpiece. Furthermore, the various methods for modeling the geometric errors from different perspectives have experienced a gradual development [7] . To describe the error of the cutter location and the tool orientation between the two kinematic chains, the error model is normally established using homogeneous transformation sciENcE aNd tEchNology matrices (HTM) [10, 18, 20] , denavit-hartenberg (D-H) method [16] , modified denavit-hartenberg (MD-H) method [19] , or multi-body system (MBS) theory [31, 32] . Among these different approaches, MBS theory, first proposed by Houston, has evolved into the best method for the modeling of geometric errors of machine tools because it provides for a simple and convenient method to describe the topological structure of an MBS [21] .
Reliability analysis
After the error model for a given machine tool has been established, the next step is to study the machine tool's machining accuracy reliability. Recently, several studies have been published which reported on the reliability of mechanical systems from different perspectives. For instance, Du et al. has summarized three useful ways to improve the reliability of a machine, including (1) changing the mean values of random variables, (2) changing the variances of random variables, and (3) a truncation of the distributions of random variables [9] . Tang proposed a new method based on graph theory and Boolean functions for assessing the reliability of mechanical systems [26] . Avontuur and van der Werff proposed a new method for analyzing the reliability of mechanical and hydraulic systems based on finite element equations, which describe the motion of and the equilibrium between internal and external loads for structures and mechanisms [1] . Lin investigated the reliability and failure of face-milling tools when cutting stainless steel and the effect of different cutting conditions (cutting speed, feed, cutting depth) on the tool life [22] . Chen et al. performed a reliability estimation for cutting tools based on a logistic regression model using vibration signals [5] . However, to the best of our knowledge, there have been no studies on the machining accuracy reliability of CNC machine tools. The machining accuracy reliability refers to the tool's ability to perform at its specified machining accuracy. In general, the volumetric error of a machine tool can be divided into the errors corresponding to the X-, Y-, and Z-directions, respectively. The machining errors in each direction are likely to exceed the required machining accuracy, thereby effectively rendering the machine inaccurate and unreliable, and thus unusable. Consequentially, the machining accuracy of a machine tool is related to many different failure modes.
Sensitivity analysis
However, many different geometric errors have to be taken into account when modeling a multi-axis machine tool. For example, there are 29 geometric errors for a 4-axis machine tool. These geometric errors are interacting, and how to determine their degree of influence on the machining accuracy reliability is currently a difficult problem of machine tool design [14, 40] . Performing a sensitivity analysis is one possibility to identify and quantify the relationships between input and output uncertainties [29] . A variety of sensitivity analysis methods have been published in literature. For instance, Ghosh et al. proposed a new approach for a stochastic sensitivity analysis based on first-order perturbation theory [12] . Chen et al. established a volumetric error model and performed a sensitivity analysis for a 5-axis ultra-precision machine tool [6] . Based on the results of the local sensitivity analysis, they were able to slightly reduce the key error components, which made it easier to control the accuracy of the machine tool [6] . Cheng et al. considered the stochastic characteristic of the geometric errors and employed Sobol's global sensitivity analysis method to identify the crucial geometric errors of a machine tool, which is helpful for improving the machining accuracy of multi-axis machine tools [7] . De-Lataliade et al. developed a method based on Monte Carlo simulations (MCS) for estimating the reliability sensitivity [8] . Xiao et al. considered both epistemic and aleatory uncertainties in their reliability sensitivity analysis and proposed a unified reliability sensitivity estimation method for both epistemic and aleatory uncertainties by integrating the principles of a p-box, interval arithmetic, FORM, MCS, and weighted regression [28] . Guo and Du proposed a sensitivity analysis method for a mix of random and interval variables and defined six sensitivity indices for evaluating the sensitivity of the average reliability and reliability bounds with respect to the averages and widths of the intervals [13] . A sensitivity analysis of the geometric errors allows to identify the most critical geometric errors and then to strictly control them, thereby significantly improving the machining accuracy of the machine tool [24, 27] Improving the machining accuracy reliability of machine tools is an important goal for both manufacturers and users, and two tasks are usually involved to accomplish it: 1) to express and measure the machine accuracy reliability of the machine tool; 2) to identify the most critical geometric errors that most strongly affect the machining accuracy reliability of each failure mode. In this study, the sensitivity analysis was used to provide information for the reliability-based design based on solving the integral of the failure probability.
The paper is structured as follows: Section 2 deals with the modeling of the volumetric machining accuracy with consideration of the geometric error. The machining accuracy reliability analysis based on the Fast Markov chain simulation method is presented in Section 3. The sensitivity analysis based on the integration of the failure probability to identify the critical geometric errors is presented in Section 4. In Section 5, the results of the experimental validation are discussed. In this work, a vertical machining center was selected as an example to validate the proposed analysis method. The conclusions are presented in Section 6.
Volumetric error modeling by MBS theory
In this research, a 4-axis CNC machine tool, whose wire frame structure model is shown in Fig.1 , was chosen as an example to demonstrate the core concepts of the proposed methods, and its main technical parameters are listed in Table 1 . For a 4-axis machine tool, there are 24 position-dependent geometric errors and 5 position-independent geometric errors when the machine tool is modeled as a set of rigid bodies according to MBS theory. The different geometric errors are listed in Table 2 .
Topological structure and geometric errors
This 4-axis machine tool has four slides that can be moved relative to each other. The two other bodies that are fixed to the machine are the tool and the workpiece. Table 3 illustrates the degrees of freedom between each pair of bodies with respect to the constraints, where "0" means no degree of freedom and"1" means one degree of freedom.
Based on MBS theory, various parts of the machine can be de- 
Range in X-direction 1000mm
Range in Y-direction 900mm
Range in Z-direction 900mm
Range of motion for the rotation around the A-axis 360°
scribed just as an arbitrary classical body in terms of the geometric structure, and the machine tool can be treated as a MBS [17, 25] . As shown in Fig. 2 , the 4-axis machine tool can be described as a structure with a double-stranded topology in which the first branch is composed of the bed, the slide carriage (Y-axis), the RAM (X-axis) and the tool. The second branch is composed of the bed, the slide carriage (Z-axis), the workbench (A-axis), and the workpiece. The bed is set as the inertial reference frame and denoted as body B 0 , and the slide carriage (Y-axis) is denoted as body B 1 . According to the natural growth sequence, the bodies are sequentially numbered along the direction away from the body B 1 from one branch to the other branch [11] . Fig. 2 illustrates the topology diagram for the machine tool. Table 4 shows the lower body array for the selected precision horizontal machining center.
A rigid solid body has six degrees of freedom. These six coordinates uniquely specify the position of a rigid body in 3D space [2] . Each body i B has 6 independent geometric errors 
A-axis

Fig. 2 Topological graph for the precision horizontal machining center. B 0 -bed; B 1 -slide carriage (Y-axis); B 2 -RAM (X-axis); B 3 -tool; B 4 -Slide carriage (Z-axis); B 5 -workbench (A-axis); B 6 -workpiece
sciENcE aNd tEchNology
Generalized coordinates and characteristic matrixs
In order to normalize and make the machine tool accuracy modeling more convenient, special notations and conventions are needed for the coordinate system. The conventions used here are as follows: (1) Right-handed Cartesian coordinate systems were established for all the inertial components and the moving parts. These coordinates are generalized coordinates; the coordinate system on the inertial body is referred to as the reference coordinate system, and the coordinate systems on the other moving bodies are referred to as the moving co- 
ordinate systems. (2) Each coordinate system's X-, Y-, Z-axis should be parallel to the X-, Y-, Z-axis of the other coordinate systems [23] . In MBS theory, the relation between the classical bodies of MBS can be expressed bymatrices. The characteristic matrices established for the selected machining center are listed in Table 5 .
The coordinate of the tool forming point in the coordinate system of the tool is: T , , ,1 t tx ty tz P P P   =   P (1) and the coordinate of the workpiece forming point in the coordinate system of the workpiece can be written as: T , , ,1 w wx wy wz
Ideally, the machine tool is without error; the tool forming point and the workpiece forming point will overlap together. As a result, the constraint equation for precision finishing under ideal conditions is given by:
By rearranging the terms, Eq. (3) can be rewritten as follows:
The machining accuracy is finally related to the relative displacement error between the tool forming points of the machine and the workpiece. The constraint equation for precision finishing under actual conditions can be written as:
The comprehensive volumetric error caused by the gap between the actual forming point and the ideal forming point can be expresses as:
The comprehensive volumetric error mode of the horizontal precision machining center can be obtained from the characteristic matrices in Table 4 and Eq. (6) . Similarly, the general volumetric error model for the machine tool can be established as follows: 
Machining accuracy reliability analysis based on Fast Markov Chain simulations
The machining accuracy reliability refers to the ability of the machine tool to perform at its specified machining accuracy under the stated conditions for a given period of time. In general, the volumetric machining errors can be decomposed into the corresponding X-, Y-, Z-direction components, and if the machining accuracy is lower than the specified requirement in the X-, Y-and Z-direction, respectively, the machining accuracy can be considered to be violated.
Failure mode and failure probability
The comprehensive volumetric error mode of the machine center can be written as:
The maximum permissible volumetric error of the machine tool 
The machining accuracy of the NC machine tool shows the following seven failure modes:
{ } 2 0, 0 and 0
{ } 3 0, 0 and 0
{ } 4 0 , 0 and 0
{ } 5 0 , 0 and 0
{ } 6 0 , 0 and 0
{ } 7 0, 0 and 0 M represent the case where the machining accuracy of the machine tool cannot meet the maximum permissible volumetric error in all of the three directions.
The failover domains for each of the failure modes are as follows:
In the reliability analysis of the machining accuracy, the failure probability P can be defined as the integral of the joint probability density function ( ) f G for geometric errors in the failover domain F , so the failure probabilities of the different failure modes can be expressed as:
where, 1, 2 7 i =  , and i is the number of the failure modes.
The overall failure probability F P of the machining accuracy can then be derived from basic principles of probability theory and statistics as follows:
Conversion of the correlated normal variables into independent standard normal variables
During actual processing, the geometric errors of the machine tool are correlated to each other and the effect of this correlation on the failure probability of the machining accuracy cannot be ignored. For a practical reliability analysis of the machining accuracy, in order to account for the actual situation, the correlation between the geometric errors of the machine tool must be taken into account. Therefore, the correlated geometric errors were first converted into independent standard normal random variables. Then, the reliability analysis method in independent space was used to determine the failure probability of the machining accuracy.
The n geometric errors of the machine tool can be represented as n-dimensional normal random variables ( )
. Because the g eometric errors are correlated, the probability density function ( ) f G of the geometric error vector G can be expressed as:
where: n n n n n n n n n n n n n g g g g g g g g g g g g g
represents the covariance matrix of the geometric errors G ; 
and:
where, λ λ λ 
Fast Markov Chain simulation method for estimating the failure probability
There are many different methods to calculate the reliability of the machining accuracy based on numerical simulations which can be used for either analyzing the single failure mode-reliability or the multiple failure modes-reliability. However, the Markov chain method has so far not been used to analyze the reliability of the machining accuracy.
Because samples in the failover domain can be simulated efficiently by adopting the Markov chain method, for the general nonlinear limit state equation
Markov chain method can be used to determine the most probable failure point in the failover domain which is referred to as the design point. Through the design point, the linear limit state equation
( )=0
L u which has the same design point has the non-linear limit state equation
can be obtained in the independent standard normal space. Based on the multiplication theorem in probability theory, the following two equations can then be established.
where,
{ }
= :
Thus, the failure probability F P can be expressed as follows:
can be defined as the scaling factor S :
Then Eq.(35) can be simplified as follows:
The probability density function of the samples which belong to the failover domain H F can be expressed as follows: 
According to the basic principles of Markov chain simulations, the transformation from one state to another state of the Markov chain is controlled by the proposal distribution function ( ) f * å u . Both a symmetrical n-dimensional normal distribution and an n-dimensional uniform distribution can be used as a suggested distribution of the Markov chain. In this paper, the symmetrical n-dimensional uniform distribution was selected as the suggested distribution:
where, k ε and k u represent the k th component of the n-dimensional vector å and u respectively. k l represents the side length of the n-dimensional polyhedron in the k u -direction, and u is the center of the n-dimensional polyhedron. Furthermore, k l determines the maximum allowed distances from the next sample to the current sample.
Based on practical engineering experience and numerical algo- u 's conditional probability density function can be expressed as follows:
At last, the next state j u was determined according to the Metropolis-Hastings guidelines: , , , n u u u * * * * = u  .
In the independent standard normal space, the linear limit state equation with the same maximum likelihood point of the failover domain H F can be expressed as follows:
The corresponding probability of failure is:
where, ( ) Φ  is the distribution function of the standard normal variable.
When plugging the H N sample points into Eq.(42), the number of samples falling into
Then, the estimation of the condition probability { } L H P F F can be written as follows:
Similarly, the condition probability { } H L P F F can be obtained using the Markov chain method to simulate the sample point in the failover domain L F . The joint probability density function of the sample points in the failover domain L F can be expressed as follows: Then, the estimation of the condition probability { } L H P F F and the scaling factor S can be written as follows:
Because the machine tool has several failure modes, the failure probability of each failure mode should be calculated individually.
ing to the failure modes can be obtained through.
The comprehensive failure probability of the machining accuracy can finally be expressed as follows:
Machining accuracy reliability sensitivity analysis based on solving the integral of the failure probability
The machining accuracy reliability sensitivity coefficient is generally defined as the partial derivative of the failure probability for each failure mode with respect to the probability distribution parameters of the k th geometric error. This can be expressed as follows:
where, 1, 2, ,7 i =  ; 1,2, ,n k =  ; and n is the number of geometric errors. k µ is the mean value of the k th geometric error. k σ is the standard deviation of k th geometric errors. S σ is the machining accuracy reliability sensitivity about the standard deviation k σ with respect to the failure probability for the i th failure mode. Next, we defined the following regularized reliability sensitivity coefficients:
Then, we transformed Eqs. (52) and (53) into their corresponding integral form:
Obviously Eq. (54) and (55) can be expressed as the mathematical expectation in the failure domain i F : Through Eqs. (29) and (30), the sample points ( ) ( ) ( )
into the following formulas, the regularized reliability sensitivity coefficients can be eventually obtained:
Then, the general reliability sensitivity coefficients can be expressed as follows:
Application and improvement
The machine tool shown in Fig.1 was selected as an example to demonstrate the method. The six position dependent geometric errors of each prismatic joint were directly measured using a dual-frequency laser interferometer [15] and an electronic level. XD sensor was used to receive and reflect the laser in the measurement process. And it was also used to detect the angle error and the straightness error of the measuring process. The squareness errors were measured using a dial indicator and a flat ruler. A photograph of the experimental setup is shown in Fig.3 .
Through a statistical analysis of the obtained sample data, the probability distribution of the geometric errors can be obtained. Taking the positioning error at Δx x = 200mm, y=400mm, z=300mm as an example, the geometric error can be described by a normal distribution. Actually, the experimental results showed that each positiondependent geometric error can be described by a normal distribution [35] . Table 6 lists the values obtained for the position-independent errors. Table 7 compares the mean values (M) and the variance values (V) of the probability distributions used to describe the position-dependent geometric errors at x = 200mm, y = 400mm, z = 300mm.
Using the proposed method, the failure probabilities were calculated for each failure mode at x= 200 mm, y=400mm, z=300mm, and the results are listed in Table 8 . The results of machining accuracy reliability sensitivity analysis are presented in Table 9 .
Nine evenly spaced test points (a total of 33 test points) were selected along each body diagonal of the machine tool's working space, zas shown in Fig.4 . The results of the sensitivity analysis at each test point were obtained using the method described above. Then, a sensitivity analysis for the whole working space was conducted employing the weighted average method.
The failure probability of failure mode i M , at the test point "j", was defined as 
Conclusions
In precision manufacturing, the geometric errors of a machine tool considerably affect the machining accuracy reliability of the machine tool, which directly determines the geometrical and dimensional accuracy of the machined product. Therefore, establishing the relationship between the geometric errors and the machining accuracy reliability and then efficiently improving the machining accuracy reliability are the key steps required to improve the achievable product quality.
In this paper, a new approach for analyzing the sensitivity of the machining accuracy reliability of machine tools based on fast Markov chain simulations was proposed. This method has the following two characteristics:
(1) The proposed analytical method can be used to establish the relationship between the model of the stochastic geometric errors and the machining accuracy reliability and to identify the key geometric errors that have the biggest impact on the machining accuracy reliability. According to the analysis results, the crucial geometric errors can be purposefully modified and the machining accuracy reliability can be dramatically improved. In addition, the results of the sensitivity analysis can also offer a good reference for an optimal design, accuracy control and error compensation of a complex machine.
(2) Employing the proposed analytical method, we identified seven failure modes of the machine tool. In a modern advanced machining line, in order to improve the efficiency and production rhythm of the whole automatic production line, one machine only needs to complete one or just a few machining steps. Considering the actual needs, the failure modes of the machine tools which need to be improved can be isolated, thereby greatly reducing the maintenance costs of machine tools.
Despite the progress, it should be pointed out that the geometric errors analyzed in this paper are quasi-static and correspond to coldstart conditions. The dynamic fluctuations caused by axis acceleration, dynamic load-induced errors and thermal errors were not taken into consideration. Therefore, the geometric errors under working conditions, which of course are of great practical significance, need to be further studied. 
